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Abstract 

A system of commutative hypercomplex numbers of the form w = x + hy + kz are 
introduced in 3 dimensions, the variables x,y and z being real numbers. The multiplication 
rules for the complex units h, k are h 2 = k,k 2 = h,hk = 1. The operations of addition and 
multiplication of the tricomplex numbers introduced in this paper have a simple geometric 
interpretation based on the modulus d, amplitude p, polar angle 9 and azimuthal angle <p. 
Exponential and trigonometric forms are obtained for the tricomplex numbers, depending on 
the variables d, p, 6 and (j). The tricomplex functions defined by series of powers are analytic, 
and the partial derivatives of the components of the tricomplex functions are closely related. 
The integrals of tricomplex functions are independent of path in regions where the functions 
are regular. The fact that the exponential form of the tricomplex numbers contains the cyclic 
variable <fi leads to the concepts of pole and residue for integrals of tricomplex functions on 
closed paths. The polynomials of tricomplex variables can be written as products of linear 
or quadratic factors. 
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1 Introduction 



A regular, two-dimensional complex number x + iy can be represented geometrically by 
the modulus p = (x 2 + y 2 ) 1 ^ 2 and by the polar angle 9 = arctan(y/x). The modulus p is 
multiplicative and the polar angle 9 is additive upon the multiplication of ordinary complex 
numbers. 

The quaternions of Hamilton are a system of hypercomplex numbers defined in four 
dimensions, the multiplication being a noncommutative operation, fij and many other hy- 
percomplex systems are possible, @-||| but these hypercomplex systems do not have all the 
required properties of regular, two-dimensional complex numbers which rendered possible 
the development of the theory of functions of a complex variable. 

A system of hypercomplex numbers in three dimensions is described in this work, for 
which the multiplication is associative and commutative, and which is rich enough in proper- 
ties so that exponential and trigonometric forms exist for these numbers, and the concepts of 
analytic tricomplex function, contour integration and residue can be defined. The tricomplex 
numbers introduced in this work have the form u = x + hy + kz, the variables x, y and z being 
real numbers. The multiplication rules for the complex units h, k are h 2 = k,k 2 = h, hk = 1. 
In a geometric representation, the tricomplex number u is represented by the point P of 
coordinates (x,y,z). If O is the origin of the x,y,z axes, (t) the trisector line x = y = z 
of the positive octant and II the plane x + y + z = passing through the origin (O) and 
perpendicular to (i), then the tricomplex number u can be described by the projection s of 
the segment OP along the line (i), by the distance D from P to the line (i), and by the 
azimuthal angle (j) of the projection of P on the plane II, measured from an angular origin 
defined by the intersection of the plane determined by the line (t) and the x axis, with the 
plane IT. The amplitude p of a twocomplex number is defined as p = (x 3 + y 3 + z 3 — 3xyz) x / 3 , 
the polar angle 9 of OP with respect to the trisector line (t) is given by tan# = D/s, and 
d 2 = x 2 + y 2 + z 2 . The amplitude p is equal to zero on the trisector line (t) and on the plane 
II. The division l/{x + hy + kz)is possible provided that p ^ 0. The product of two tricom- 
plex numbers is equal to zero if both numbers are equal to zero, or if one of the tricomplex 
numbers lies in the II plane and the other on the (t) line. 

If u\ = x\+hy\-\-kzi,U2 = X2+hy2+kz2 are tricomplex numbers of amplitudes and angles 
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pi, 9i, 4>i and respectively p 2 , 2 , 4> 2 , then the amplitude and the angles p, 9, 4> for the product 
tricomplex number uxu 2 = x x x 2 + y\z 2 + + K z i z 2 + x x y 2 + y\x 2 ) + k(ViV2 + xiz 2 + zix 2 ) 
are p = pi/92,tan0 = tan#i tan^/v^, = </>i + 4>2- Thus, the amplitude p and (tan^/v 7 ^ 
are multiplicative quantities and the angle (p is an additive quantity upon the multiplication 
of tricomplex numbers, which reminds the properties of ordinary, two-dimensional complex 
numbers. 

For the description of the exponential function of a tricomplex variable, it is useful 
to define the cosexponential functions cx(£) = 1 + £ 3 /3! + £ 6 /6! • • • ,mx(£) = £ + £ 4 /4! + 
£ 7 /7! • • • , px(£) = £ 2 /2 + £ 5 /5! + £ 8 /8! • • -, where p and m stand for plus and respectively 
minus, as a reference to the sign of a phase shift in the expressions of these functions. These 
functions fulfil the relation cx 3 £ + px 3 £ + mx 3 £ — 3cx£ px£ mx£ = 1. 

The exponential form of a tricomplex number is u = p exp (l/3)(/i + k)ln(y/2/ tan^) 
+ (1/3) (h — k)(f>], and the trigonometric form of the tricomplex number is u = d^3/2 
{(l/3)(2 -h-k) sm9+ (1/3)(1 + h + fc)\/2cos6>} exp {(h - k)<f>/y/3}. 

Expressions are given for the elementary functions of tricomplex variable. Moreover, 
it is shown that the region of convergence of series of powers of tricomplex variables are 
cylinders with the axis parallel to the trisector line. A function f(u) of the tricomplex 
variable u = x + hy + kz can be defined by a corresponding power series. It will be shown 
that the function f(u) has a derivative at uo independent of the direction of approach of u 
to uo. If the tricomplex function f(u) of the tricomplex variable u is written in terms of the 
real functions F(x,y, z),G(x,y, z), H(x,y, z) of real variables x,y,z as f(u) = F(x,y,z) + 
hG(x,y,z) + kH(x,y, z), then relations of equality exist between partial derivatives of the 
functions F, G, H, and the differences F — G, F — H,G — H are solutions of the equation of 
Laplace. 

It will be shown that the integral f(u)du of a regular tricomplex function between 
two points A, B is independent of the three-dimensional path connecting the points A, B. 
If f(u) is an analytic tricomplex function, then $p f(u)du/(u — uq) = 2ir(h — k)f(uo) if the 
integration loop is threaded by the parallel through uq to the line (t). 

A tricomplex polynomial u m + a\u m ~ l + • • • + a m -\u + a m can be written as a product 
of linear or quadratic factors, although the factorization may not be unique. 
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This paper belongs to a series of studies on commutative complex numbers in n dimen- 
sions. |Q The tricomplex numbers described in this work are a particular case for n = 3 of 
the polar hypercomplex numbers in n dimensions. [@],[0] 



2 Operations with tricomplex numbers 

A tricomplex number is determined by its three components (x,y,z). The sum of the tri- 
complex numbers (x, y, z) and (x', y', z') is the tricomplex number (x + x', y + y' , z + z'). The 
product of the tricomplex numbers (x,y,z) and (x',y',z') is defined in this work to be the 
tricomplex number (xx' + yz' + zy 1 ', zz' + xy' + yx' ', yy' + xz' + zx'). 

Tricomplex numbers and their operations can be represented by writing the tricomplex 
number (x, y, z) as u = x + hy + kz, where h and k are bases for which the multiplication 
rules are 

h 2 = k, k 2 = h, 1 • h = h, 1 • k = k, hk = 1. (1) 

Two tricomplex numbers u = x + hy + kz, u' = x' + + fez' are equal, u = u', if and only if 
x = x' ,y = y' , z = z' . If u = x + hy + kz, v! = x' + hy' + fez' are tricomplex numbers, the sum 
u + u 1 and the product uv! defined above can be obtained by applying the usual algebraic 
rules to the sum {x + hy + kz) + (x' + hy' + kz') and to the product {x + hy + kz)(x' + hy' + kz'), 
and grouping of the resulting terms, 

u + v! = x + x' + h(y + y') + k(z + z'), (2) 

uu = xx + yz + zy' + h(zz + xy' + yx') + + xz + zx'). (3) 

If u,u',u" are tricomplex numbers, the multiplication is associative 

(uu')u" = u(u'u") (4) 
and commutative 

uu = u'u, (5) 

as can be checked through direct calculation. The tricomplex zero is + h ■ + k ■ 0, denoted 
simply 0, and the tricomplex unity is 1 + h ■ + k ■ 0, denoted simply 1. 



The inverse of the tricomplex number u = x + hy + kz is a tricomplex number u' = 
x> + y' + z ' having the property that 

uu = 1. (6) 

Written on components, the condition, Eq. (||), is 

xx 1 + zy' + yz' = 1, 

yx' + xy' + zz' = 0, (7) 
zs' + yy' + xz' = 0. 
The system M) has the solution 

x > = x2 ~y z , ( 8 ) 

x 3 + y 3 + z 3 — 3xyz ' 

y> = Z "- Xy , ( 9 ) 

x 3 + y 3 + z 3 — 3xyz ' 
/ y 2 -xz 

Z = 3 T 3 "j 3 o ' ( 10 ) 

x J + y° + z° — 6xyz 

provided that x 3 + y 3 + z 3 — 3xyz ^ 0. Since 

x 3 + y 3 + z 3 — 3xyz = (x + y + z)(x 2 + y 2 + z 2 — xy — xz — yz), (11) 
a tricomplex number x + hy + kz has an inverse, unless 

x + y + z = (12) 

or 

x 2 + y 2 + z 2 — xy — xz — yz = 0. (13) 

The relation in Eq. (|i~2| ) represents the plane II perpendicular to the trisector line (t) of 
the x, y, z axes, and passing through the origin O of the axes. The plane II, shown in Fig. 1, 
intersects the xOy plane along the line z = 0, x + y = 0, it intersect the yOz plane along the 
line x = 0, y + z = 0, and it intersects the xOz plane along the line y = 0, x + z = 0. The 
condition ( |l3|) is equivalent to (x — y) 2 + (x — z) 2 + (y — z) 2 = 0, which for real x, y, z means 
that x = y = z, which represents the trisector line (t) of the axes x,y,z. The trisector line 



(t) is perpendicular to the plane II. Because of conditions (12) and (|l3|), the trisector line 
(t) and the plane II will be also called nodal line and respectively nodal plane. 

It can be shown that if uu' = then either u = 0, or u' = 0, or one of the tricomplex 
numbers u, u' belongs to the trisector line (t) and the other belongs to the nodal plane II. 



3 Geometric representation of tricomplex numbers 



The tricomplex number x + hy + kz can be represented by the point P of coordinates (x, y, z). 
If O is the origin of the axes, then the projection s = OQ of the line OP on the trisector line 
x = y = z, which has the unit tangent (l/y/3, l/\/3, l/\/3), is 
1 



V3 



[x + y + z). 



(14) 



The distance D = PQ from P to the trisector line x = y = z, calculated as the distance from 
the point (x, y, z) to the point Q of coordinates [(x + y + z)/3, (x + y + z)/3, (x + y + z)/3], is 
2 



D' 



- I 2 , 2 i 2 \ 

-(a; +y + z —xy — xz — yz). 



(15) 



The quantities s and -D are shown in Fig. 2, where the plane through the point P and 
perpendicular to the trisector line (t) intersects the x axis at point A of coordinates (x + y + 
0,0,0), the y axis at point B of coordinates (0, x + y + 2,0), and the z axis at point C of 
coordinates (0, 0, x + y + z). The azimuthal angle <p of the tricomplex number x + hy + kz is 
defined as the angle in the plane II of the projection of P on this plane, measured from the 
line of intersection of the plane determined by the line (t) and the x axis with the plane II, 
< (p < 2tt. The expression of <f> in terms of x, y, z can be obtained in a system of coordinates 
defined by the unit vectors 



£i = ^(2, -1, -1); £2 : ^(0, 1, -1); & : ^=(1, 1, 1), 



(16) 



and having the point O as origin. The relation between the coordinates of P in the systems 
£i> £ 2 > £3 and x, y, z can be written in the form 
( L ' 

(17) 
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V * / 

The components of the vector OP in the system £i,£2>£3 can be obtained with the aid of 
Eq. dH) as 

(6,6,6) = ^(2x-y-z),-J=(y-z),-^=(x + y + z)). (18) 

The expression of the angle as a function of x,y,z is then 

2x — y — z 



COS ( 



2(x 2 + y 2 + z 2 — xy — xz — yz) 1 / 2 ' 
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(19) 



It can be seen from Eqs. (J19|) , (J2Q|) that the angle of points on the x axis is = 0, the angle 
of points on the y axis is <p = 27r/3, and the angle of points on the z axis is <j> = 4tt/3. The 
angle <fi is shown in Fig. 2 in the plane parallel to II, passing through P. The axis QCi is 
parallel to the axis 0£i, the axis is parallel to the axis 0^2 , and the axis Q£;| is parallel 
to the axis 0^3, so that, in the plane ABC, the angle 4> is measured from the line QA. The 
angle 8 between the line OP and the trisector line (t) is given by 

tan6» = — , (21) 
s 

where < 8 < it. It can be checked that 

d 2 = D 2 + s 2 , (22) 

where 

d 2 =x 2 + y 2 + z 2 , (23) 
so that 

D = dsin9, s = dcos6. (24) 

The relations (0), (H), (|l9|)-(^TI) can be used to determine the associated projection s, 
the distance D, the polar angle 9 with the trisector line (t) and the angle (j) in the II plane 
for the tricomplex number x + hy + kz. It can be shown that if u\ = x\ + hyi + kz\,U2 = 
X2 + hy2 + fcz2 are tricomplex numbers of projections, distances and angles si, D±, 8\, <j)\ and 
respectively S2, D2, 82, 4>2, then the projection s, distance D and the angle 9, 4> for the product 
tricomplex number uiu 2 = x\x 2 + yi z 2 + 2/2^1 + h{z\ z 2 + xiy 2 + yix 2 ) + k(yiy 2 + x\z 2 + z\x 2 ) 
are 

[3 1 

s = V3siS2, D = y -D1D2, tan# = tan #1 tan #2 , 4> = 4>i + 4>2 ■ (25) 
V 2 y2 



The relations (25) are consequences of the identities 



(2:1x2 + y\z 2 + yzZ\) + (z\z 2 + xiy 2 + ?/ix 2 ) + (2/12/2 + £1^2 + zix 2 ) 

= (xi + yi + z 1 )(x 2 + 2/2 + z 2 ), (26) 
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(xix 2 + yiz 2 + V2Zi) 2 + (ziz 2 + xiy 2 + yix 2 ) 2 + (yiy2 + xiz 2 + zix 2 ) 2 

-{x\x-i + yiz 2 + y2Zi){z 1 z 2 + xiy 2 + 2/ix 2 ) - (xix 2 + yi^ 2 + 2/2^1X2/12/2 + xiz 2 + zix 2 ) 
-(ziz 2 + xiy 2 + j/ix 2 ) + (yiy 2 + 2^2 + ^ix 2 ) 

= (x 2 + y\ + z\- xiyi - x\Z\ - y\Z\){x\ + y\ + z\- x 2 y 2 - x 2 z 2 - y 2 z 2 ), (27) 

2xi - 2/1 - z 1 2x2 - V2 - z 2 VS. V3 

2 2 2~^ Vl ~ Zl ^^ 2 ~ Z2 > 

= ^[2(xix 2 + yiz 2 + ziy 2 ) - {z\z 2 + xiy 2 + 2/1x2) - (2/12/2 + xiz 2 + zix 2 )], (28) 

V3. ,2x 2 -y 2 -Z2 , \/3 2x 1 -y 1 -zi 
~2~KVl ~ zi) + — (2/2 - 22) g 

Vs 

= —[{ziz 2 + xiy 2 + yix 2 ) - (2/12/2 + x x z 2 + zix 2 )]. (29) 



The relation fl26|) shows that if u is in the plane II, such that x + y + z = 0, then the product 

uu' is also in the plane II for any u' . The relation (|27| ) shows that if u is on the trisector 

line (t), such that x 2 + y 2 + z 2 — xy — xz — yz = 0, then uu' is also on the trisector line (t) 

for any v! . If u, v! are points in the plane x + y + z = 1, then the product mi' is also in 

that plane, and if u, u' are points of the cylindrical surface x 2 + y 2 + z 2 — xy — xz — yz = 1, 

then uu' is also in that cylindrical surface. This means that if u, u' are points on the circle 

x + y + z = 1, x 2 + y 2 + z 2 — xy — xz — yz = 1, which is perpendicular to the trisector 

line, is situated at a distance l/\/3 from the origin and has the radius y/2/3, then the 

tricomplex product uu' is also on the same circle. This invariant circle for the multiplication 

of tricomplex numbers is described by the equations 

12, 11,1, 11,1, 

x = — I — cos ffl, y = cos m H = sin m z = cos d> = sin <p. 30) 

33^ y 33^V3 33^^/3^ v; 

It has the center at the point (1/3,1/3,1/3) and passes through the points (1,0,0), (0,1,0) 

and (0,0,1), as shown in Fig. 3. 

An important quantity is the amplitude p defined as p = v l l 3 , so that 

p 3 = x 3 + y 3 + z 3 - 3xyz. (31) 

The amplitude p of the product U1U2 of the tricomplex numbers u\,u 2 of amplitudes pi,p 2 
is 

P = PiP2, (32) 



as can be seen from the identity 



(X\X 2 + VlZ 2 + V2Zl) 3 + {Z\Zl + X\V2 + Vl^f + (2/12/2 + XxZ 2 + ZlX2) 3 
-3(xiX 2 + V\Z 2 + 2/2^l) (^1-82 + £12/2 + 2/liC2) (2/12/2 + £1^2 + ^lX 2 ) 

= (x? + 2/1 + 2? - 3xi2/i^i)(a?| + 2/1 + z| - 3x 2 2/22 2 ). 



(33) 



The identity in Eq. (|33j ) can be demonstrated with the aid of Eqs. (|ll|), ( |26|) and (27). 
Another method would be to use the representation of the multiplication of the tricomplex 
numbers by matrices, in which the tricomplex number u = x + hy + kz is represented by the 
matrix 



^ x y z \ 



(34) 



z x y 
\ y z x J 

The product u = x+hy+kz of the tricomplex numbers u\ = x\+hyx+kz\ 1 U2 = x 2 -\-hy 2 +kz2, 
is represented by the matrix multiplication 

^2 X 2 2/2 

(35) 

\ 2/2 ^2 X 2 / 



x y z 
z x y 

\y z x j 



xi yi z\ 
z\ x x yi 
\ yi z\ x\ J 



If 



^ x y z ^ 



v = det 



z x y 

\ y z x ) 

it can be checked that 



v = x 3 + y 3 + z 3 - 3xyz. 



(36) 



(37) 



The identity (^) is then a consequence of the fact the determinant of the product of matrices 
is equal to the product of the determinants of the factor matrices. 
It can be seen from Eqs. ( [14] ) and (|l^) that 



x 3 + y 3 + z 3 



q 3^3 2 

Sxyz = sD , 



(38) 
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which can be written with the aid of relations ( |24j ) and (|3l]) as 

0I/2 

p = _dsin 2 / 3 9 cos 1/3 0. (39) 

This means that the surfaces of constant p are surfaces of rotation having the trisector line 
(t) as axis, as shown in Fig. 4. 

4 The tricomplex cosexponential functions 

The exponential function of the tricomplex variable u can be defined by the series 

exp u = 1 + u + u 2 /2\ + u 3 /3! + • • • . (40) 

It can be checked by direct multiplication of the series that 

exp(u + u ) = exp u ■ exp u, (41) 

which is valid as long as the multiplication is a commutative operation. If u = x + hy + kz, 
then expu can be calculated as exp it = expx • exp(hy) ■ exp(kz). According to Eq. (|l]), 
h 2 = k,h 3 = 1, k 2 = h,k 3 = 1, and in general 

h 3rn = ^ h 3m+l = ^ ^3m+2 = ^ fc 3m = ^ ^Sm+l = ^ fe 3m+2 = ^ ^ 

where n is a natural number, so that exp(hy) and exp(kz) can be written as 

exp(hy) = cxy + h mx y + kpxy, (43) 

exp(&z) =cxz + /ipxz + /c mx 2, (44) 

where the functions cx, mx, px, which will be called in this work polar cosexponential func- 
tions, are defined by the series 

cxy = l + y 3 /3! + y 6 /6! + --- (45) 
mx y = y + y 4 /4! + y 7 /7! + • • • (46) 
pxy = y 2 /2\+y 5 /5! + y 8 /8! + ---. (47) 
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From the series definitions it can be seen that cxO = 1, mxO = 0, pxO = 0. The tridimensional 
polar cosexponential functions belong to the class of the polar n-dimensional cosexponential 
functions g n k, H and cx = g^Q, mx = 531, px = g^- It can be checked that 



cx y + px y + mx y = exp y. 



(48) 



By expressing the fact that exp(hy+hz) = exp(/iy)-exp(/iz) with the aid of the cosexponential 
functions (|45| ) -([47| ) the following addition theorems can be obtained 

(49) 



cx (y + z) = cx y cx z + mx y px z + px y mx z, 



mx (y + z) = px y px z + cx y mx z + mx y cx z, 



(50) 



px {y + z) = mx y mx z + cx y px z + px y cx z. 



For y = z, Eqs. ©-© Y ield 



cx 2y = cx y + 2 mx y px z, 



mx 2y = px y + 2 cx y mx z, 



px 2y = mx y + 2 cx y px z. 



(51) 



(52) 
(53) 
(54) 



The cosexponential functions are neither even nor odd functions. For z = — y, Eqs. (|49|)-(|5l| 
yield 



cx y cx (— y) + mx y px (— y) + px y mx (— y) = 1, 



(55) 



px y px (— y) + cx y mx (— y) + mx y cx (— y) = 0, 



(56) 



mx y mx (— y) + cx y px (— y) + px y cx (— y) = 0. 



(57) 



Expressions of the cosexponential functions in terms of regular exponential and cosine 
functions can be obtained by considering the series expansions for e^+V* and e {h -^ y . These 
expressions can be obtained by calculating first (h + k) n and (h — k) n . It can be shown that 



(h + ky 



(h - k) 2m = (-l) m - L 3 m -\k + k - 2), (h - kf m+1 = {-l) m 3 m {h - k), 



\m-lom-l 



(h + k) + - 



-l) ra + 2 m " 1 



2m+l 



(58) 
(59) 
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where n is a natural number. Then 

e (h+k)y = ( h + q 



(60) 



3 3/3 3 

As a corollary, the following identities can be obtained from Eq. (60) by writing e( h+k ^ y = 
e hy e ky and expressing e hy and e ky in terms of cosexponential functions via Eqs. (|4^) and 

W4 



2 1 

cx 2 y + mx 2 y + px 2 y = -e~ y + -e 2j/ , 



cx y mx y + cx y px y + mx y px y 
From Eqs. (|6l| ) and (^) it results that 



2 2 2 

cx y + mx y + px y 



(61) 
(62) 



-cx y mx y — cx y px y — mx y px y = exp(— y). 



Then from Eqs. (gj), (H§ and fl6|) it follows that 



o q o 

cx y + mx y + px y — 3cx y mx y px y = 1. 



Similarly, 

p {h-k)y = h x + h + q + I (2 _ h _ ^ cos (^/3 y ) + _L( fc _ fc ) S in(x/3y). 



3 V '3 
The last relation can also be written as 



(63) 



(64) 



(65) 



,(h-k)y 



1 2 

- + -cos(v / 3y) + h 



12 / /- 2vr 

— I — cos v 3y 

3 3 13 



+k 



12 ( r 2vr 

— I — cos v 3y H 

3 3 V 3 



(66) 



As a corollary, the following identities can be obtained from Eq. (65) by writing e^ h k ^ y = 
e hy e~ ky and expressing e hy and e~ ky in terms of cosexponential functions via Eqs. ( |43| ) and 



12 r- 

cxy cx(-y)+mxy mx(-y)+pxy px (-y) = - + - cos(V3y), 



(67) 



cx y px (-y) + mx y cx (-y) + px y mx (-y) = - + - cos f \/3y - 
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cx y mx (-y) + mx y px (-y) + px y cx (-y) = - + - cos ^\/3y + j (69) 

Expressions of e 2/l2/ in terms of the regular exponential and cosine functions can be ob- 
tained by the multiplication of the expressions of e ^ h+k ^ and e^'^ from Eqs. @) and 
(|65|). At the same time, Eq. ( |43|) gives an expression of e 2hy in terms of cosexponential 
functions. By equating the real and hypercomplex parts of these two forms of e 2y and then 
replacing 2y by y gives the expressions of the cosexponential functions as 

cxy=i e » + |cos^yJ e^/ 2 , (70) 

1 v 2 /V3 2vr\ _ u/2 
mx y = - e y + - cos I — y -— e ^ , (71) 

^y = r y + \^{j-y+ 2 i) z- v/2 - (72) 

It is remarkable that the series in Eqs. (45)-(47), in which the terms are either of the form 
y 3m , or y 3m+1 5 or y 3m+2 , can be expressed in terms of elementary functions whose power 
series are not subject to such restrictions. The cosexponential functions differ by the phase 
of the cosine function in their expression, and the designation of the functions in Eqs. ( |7l| ) 
and ( |72j) as mx and px refers respectively to the minus or plus sign of the phase term 2ir/3. 
The graphs of the cosexponential functions are shown in Fig. 5. 

It can be checked that the cosexponential functions are solutions of the third-order dif- 
ferential equation 

<73> 

whose solutions are of the form C( u ) = Acxu + B mxu + C pxw. It can also be checked that 
the derivatives of the cosexponential functions are related by 
dpx dmx dcx 

—j— = mx, — — = cx, — = px. (74) 
du du du 
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5 Exponential and trigonometric forms of tricom- 
plex numbers 

If for a tricomplex number u = x + ky + kz another tricomplex number u x = x x + hy x + kz x 
exists such that 

x + hy + kz = e Xl+hyi+kz \ (75) 

then u\ is said to be the logarithm of u, 

u x = Inn. (76) 

The expressions of x x ,y x ,z x as functions of x,y,z can be obtained by developing e hyi and 
e kzi with the aid of Eqs. ( ]43| ) and (Q), by multiplying these expressions and separating the 
hypercomplex components, 

x = e Xl [cx.y\ cxzi + mxyi mxzi + pxyi pxzi], (77) 
y = e Xl [cxy x pxzi + mxyi cx z\ + px y x mxzj, (78) 
z = e^ 1 [cx y x mx zi + px y x cx zi + mx y x px zi] , (79) 
Using Eq. (j33|) with the substitutions xi — > cx yi, yi — > mx j/i, z x — > px yi, X2 — > cx Zi, 2/2 - * 



px zi , Z2 — ► mx zi and then the identity (|6j|) yields 

x 3 + y 3 + z 3 - 3xyz = e 3:ri , (80) 
whence 

xi = - ln(x 3 + y 3 + z 3 - 3xyz). (81) 
3 



The logarithm in Eq. ( pTj ) exists as a real function for x + y + z > 0. A further relation can 
be obtained by summing Eqs. d77j)-(|79D and then using the addition theorems ([49|)-(|51 

x + y + z 



(x 3 + y 3 + z 3 — 3xyz)V 3 



cx (yi + zi) + mx (y 1 + z x ) + px (y x + z x ). (82) 



The sum in Eq. (p^ ) is according to Eq. (48) e yi+Zl , so that 



y X + z x = In £ + + z / 83 -) 

(x 3 + y 3 + z 3 — 3XWZ) 1 / 3 
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The logarithm in Eq. (^) is defined for points which are not on the trisector line (t), so that 
x 2 + y 2 + z 2 — xy — xz — yz / 0. Substituting in Eq. (fffh the expression of x%, Eq. (|8l|), and 



(84) 



of z\ as a function of x, y, z, y\ , Eq. (p3|), yields 



— exp 
P 



-k In 



D 



3 (/i-fc)yi 



where the quantities p, s and Z? have been defined in Eqs. (|3l]),(|l|) and (P). Developing 
the exponential functions in the left-hand side of Eq. (|84|) with the aid of Eq. (Q) and using 
the expressions of the cosexponential functions, Eqs. (|70|)-(fF2|), and using the relation ( |65| ) 
for the right-hand side of Eq. ( |84"|) yields for the real part 



cos 



D 



^■(y — z) sin 



-4 In (4* 



D 



(x 2 + y 2 + z 2 — xy — xz — yz) 1 / 2 
which can also be written as 



cos 



(V3: 



VI 



cos 



* in 



+ 



cos 



(V3; 



Vlj 



where eft is the angle defined in Eqs. (19) and (20). Thus 



2/1 



3 



\/2s 



+ 



1 



(85) 



(86) 



(87) 



The exponential form of the tricomplex number u is then 
u = p exp 



where 6 is the angle between the line OP connecting the origin to the point P of coordinates 
(x,y,z) and the trisector line (t), defined in Eq. (^lj) and shown in Fig. 2. The exponential 
in Eq. ( |88| ) can be expanded with the aid of Eq. ( pPf ) and (66) as 

2/3 



exp 



3^ 7 tanfl 



2 — h — k ( tan 



V2 



1/3 1 + ft + fc / 



tan I 



so that 

x A- hy + kz = p 



2 — ft — k ( tan I 



V V2 



1/3 + 1 + ft + A; 



'V2\ 
t&nO J 



2/3' 



Substituting in Eq. ([x]) the expression of the amplitude p, Eq. 



exp 
yields 



h — k 



(90) 



u = d\l - 



3 (2 — h — k 



sin 6> + 



1 + ft+A: 



\/2 cos 6* I exp 



h-k 



(91) 
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which is the trigonometric form of the tricomplex number u. As can be seen from Eq. (pl|), 
the tricomplex number x + hy + kz is written as the product of the modulus d, of a factor 
depending on the polar angle 9 with respect to the trisector line, and of a factor depending 
of the azimuthal angle (ft in the plane II perpendicular to the trisector line. The exponential 
in Eq. (pip can be expanded further with the aid of Eq. ( 36 ) as 



/ 1 „ ,,,\ 1 + h + k 2-h-k , h-k , , , 

eXP V"73 / 3 + 3 + ~Vf Sm 

so that the tricomplex number x + hy + kz can also be written, after multiplication of the 

factors, in the form 

x + hy + kz = (x 2 + y 2 + z 2 — xy — xz — yz) 1 ^ 2 cos (ft 

O 

h k , o o 2 \ 1 /2 1 ~~ ^~ ^ "I - ^ / \ / \ 

H i^{x +y +z —xy — xz — yz) 1 sm<ft-\ (x + y + z) (93) 

v 3 3 



The validity of Eq. ( |93| ) can be checked by substituting the expressions of cos (ft and sin i 
from Eqs. <M) and @. 



6 Elementary functions of a tricomplex variable 



It can be shown with the aid of Eq. (|8^) that 



(x+hy+kz] 
or equivalently 

(x + hy + /cz) 



m m 



2-h-k /tanflW 3 l + h + k ( ^2 



\ V2 



2m/3' 



+ 



tan 9 



< xp [ —j=-m(ft ) , 



2 h k . o 2 2 \m/2 / 

(ic +y + z —xy — xz — yz) 1 cos(m(j 



^ l ~^tjz , „.2 , _2 „„. „. \m/2 



(■ ' ' .■' ' .■' ill''''/ i \ ^" ~~ ^" ^ I / \ 
x +y +z —xy — xz — yz) ' sm(m0) H (x + y + z) 



(95) 



which are valid for real values of m. Thus Eqs. (94) or (|95| ) define the power function u m of 
the tricomplex variable u. 

The power function is multivalued unless m is an integer. It can be inferred from Eq. 
(|88[) that, for integer values of m, 



(uu') m = u m u m . 



(96) 
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For natural m, Eq. (^) can be checked with the aid of relations and (p0|). For example 
if m = 2, it can be checked that the right-hand side of Eq. ( |95| ) is equal to (x + hy + kz) 2 = 
x 2 + 2yz + h(z 2 + 2xz) + £;(y 2 + 2xz). 

The logarithm u\ of the tricomplex number u, u\ = Inn, can be defined as the solution 
of Eq. ( f75| ) for u\ as a function of u. For x + y + z > 0, from Eq. (88) it results that 

\nu = \np+^(h + k)ln(^^+^=(h-k)(f>. (97) 

It can be checked with the aid of Eqs. (^) and ([?2|) that 



In (uu ) = In it + Inn', 



(98) 



which is valid up to integer multiples of 2it{h — k)/s/3. 

The trigonometric functions costt and sinu of the tricomplex variable u are defined by 
the series 



cosu = 1 — u 2 /2\ + u 4 /4! H 

sin-u = n-ti 3 /3! +n 5 /5! H 



(99) 
(100) 



It can be checked by series multiplication that the usual addition theorems hold also for the 
tricomplex numbers u, u', 



cos(ti + u ) = cos u cos u — sin u sin u , 



(101) 



sin(n + n') = sin u cos u' + cos u sin it'. 



(102) 



The trigonometric functions of the hypercomplex variables hy, ky can be expressed in terms 
of the cosexponential functions as 

cos(hy) = -[cat (iy) + cx (-iy)} + ^/i[mx (iy) + mx (-iy)] + ^k[px (iy) + px (-iy)], (103) 

11 1 

cos(A;y) = - [cx (iy) + cx (-iy)] + -%x (iy) + px (-iy)] + - fc[mx (iy) + mx (-iy)] , (104) 

sm(hy) = — [cx(iy)-cx(-iy)] + — h[xax(iy)-mx(-iy)] + — fc[px(iy)-px(-iy)], (105) 
2i 2i 2i 

sin(A;y) = — [cx (iy) - cx (-iy)] + — h[px (iy) - px (-iy)] +^[mx (iy) - mx (-iy)] , (106) 
li li li 
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where i is the imaginary unit. Using the expressions of the cosexponential functions in Eqs. 
(|70|)-(|72D gives expressions of the trigonometric functions of hy, hz as 

1 2 (V3 \ y 

= - cos y H — cosh — y cos — h 
3 3 \ 2 / 2 

^ cos y - i cosh f-^y j cos | + sinh 



cos(hy) 
+h 
+k 



1 1 , /\/3 \ y 

— cos y — — cosh -r-y cos — 



1 

71 



sinh 



r , x 1 2 /v/3\ y^ 

cos o = - cos y H — cosh — y cos — h 
v y; 3 y 3 2 M 2 



1 

- cos y 
3 y 



cos y 



1 v, ^ \ y i . , 

- cosh y cos = sinh 

3 V 2 / 2 V3 

1 v,f^\ y ^ 1 ■ i, 

— cosh y cos — = sinh 

3 \ 2 2 ^3 



sin(/iy) = ~ siny - ^ cosh ( -^-y J sin | 



1 • 1 1 /v / 3\.y 1 . , 

- sm y H — cosh y sin — | — — smh 

3 3 V 2 / 2 y3 

1 ■ ^ 1 l^V^ 1 c- 1, 

- sm y H — cosh y sm = smh 

3 y 3 I 2 y i 2 ^3 



• (v \ 1 ■ 2 >, \ ■ y 

sm(fcy) = — smy cosh y sm — 

3 3 \ 2 / 2 



+h 
+k 



1 



1 ■ 1 v, f V3 \ y 

- sm y H — cosh y sm = smh 

3 y 3 ^ 2 7 2 ^3 

1 ■ ^ i \ ■ y ^ 1 • i, 

- sm y H — cosh y sm — = smh 

3 y 3 V 2 / 2 



v 7 ^ \ . y 

v 7 ^ \ . y 
— y sm - 
2 y 2 



73 
2 

v 7 ^ 



2 y Sm 2 



-y sm - 

2 y 2 



V3 
2 

V3 



y cos 



-y cos ■ 



\/3 \ y 

y cos - 

2 y j 2 

V3 \ y 
— y cos - 
2 y 2 



(107) 



(108) 



(109) 



(110) 



The trigonometric functions of a tricomplex number x + hy + kz can then be expressed in 



terms of elementary functions with the aid of the addition theorems Eqs. (101), (102) and 
of the expressions in Eqs. ( 107|) -( p!l0[) . 

The hyperbolic functions cosh-u and sinhii of the fourcomplex variable u are defined by 
the series 



coshti = 1 + u 2 /2\ + n 4 /4! + • • • , 



111) 
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smhu = u + u 3 /3\+u 5 /5l + ---. (112) 

It can be checked by series multiplication that the usual addition theorems hold also for the 
fourcomplex numbers u,u', 

cosh(u + u ) = cosh u cosh u + sinh u sinh u , (113) 

sinh(ii + u ) = sinh u cosh u + cosh u sinh u . (114) 

The hyperbolic functions of the hypercomplex variables hy, ky can be expressed in terms of 
the elementary functions as 



cosh(hy) 
+h 
+k 



1,2 A/3 
- cosn y H — cos 
3 3 \ 



y I cosh — + 



1 



y 



— cosh y — — cos ( -77- y ) cosh ^ — — ^= sin \-^-y ) sinh ^ 



cosh y 



1 



V3 
2 

V3 



cos l —z-y J cosh ^ + — ^= sin 



x/3 



2 



y sinh 



cosh(fcy) = - coshy H — cos I -r-y I cosh ^+ 



(115) 



+h 
+k 



coshy 



1 /\/3 
-cos 



cosh y 



1 



cos 



2 

: V3 



y I cosh H — -= sin 
/ 2 v3 



y cosh 



y 



l 



sinh(/iy) = — sinhy 
3 



2 fV5 V. , 

- cos — y sinh 



2 

y 



sm 



V3 
: V3 



y sinh 



y sinh 



1 



1 



V3 



y 



l 



V3 



1 



1 



V3 



y 



73 
1 



V3 



i 



V3 



y 



sinh(A;y) = — sinhy cos y sinh — 



y 



- sinh y + - cos -r-y sinh - H p sin — — y cosh — 



y 



— sinhy H — cos y sinh p sin y cosh — 



(116) 



;ii7) 



+k 



1 ■ u 1 ^ \ . u 

— smny H — cos — y sinn 
3 3 \ 2 / 

-sinhy + - cos I 



y 



sm 



y I sinh — H = sin 

) 2 ^3 



V3 



y cosh 



y cosh 



;ii8) 



The hyperbolic functions of a tricomplex number x + hy + kz can then be expressed in terms 



of the elementary functions with the aid of the addition theorems Eqs. (113), (114) and of 
the expressions in Eqs. (|115| )- (|11£| ). 
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7 Tricomplex power series 

A tricomplex series is an infinite sum of the form 

ao + ai + a 2 -\ h a t -\ , (119) 



where the coefficients a n are tricomplex numbers. The convergence of the series (|119| ) can be 
defined in terms of the convergence of its 3 real components. The convergence of a tricomplex 
series can however be studied using tricomplex variables. The main criterion for absolute 
convergence remains the comparison theorem, but this requires a number of inequalities 
which will be discussed further. 

The modulus of a tricomplex number u = x + hy + kz can be defined as 

| n | = (x 2 + y 2 + z2) l/2_ (12Q) 

Since |x| < \u\, \y\ < \u\, \z\ < \u\, a property of absolute convergence established via a com- 
parison theorem based on the modulus of the series (|119| ) will ensure the absolute convergence 
of each real component of that series. 

The modulus of the sum u\ + u 2 of the tricomplex numbers ui, u 2 fulfils the inequality 

\\u\\ - \u 2 \\ < \ui + u 2 \ < \ui\ + \u 2 \. (121) 

For the product the relation is 

\uiu 2 \ < v3\ui\\u2\, (122) 

which replaces the relation of equality extant for regular complex numbers. The equality in 
Eq. ( 122| ) takes place for x\ = y\ = z\ and x 2 = y 2 = z 2 , i.e when both tricomplex numbers 



lie on the trisector line (t). Using Eq. (|93|), the relation ( |122j ) can be written equivalently as 

\m + \a\al < 3 gd? + (^f + ^f) , (123) 

where $ = xj + yj + Zj — Xjyj — XjZj — yjZj, Oj = Xj + yj + Zj, j = 1, 2, the equality taking 
place for 5i = 0, S 2 = 0. A particular form of Eq. (|122j) is 



|n 2 | < V3\u\ 2 , (124) 
and it can be shown that 

|«'| < ^-V'M 1 , (125) 
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the equality in Eqs. ( |124| ) and (125) taking place for x = y = z. It can be shown from Eq. 
(BSD that 



-5 21 + —a 2 
3 3 



(126) 



where 5 2 = x 2 + y 2 + z 2 — xy — xz — yz, a = x + y + z. Then Eq. ( 125 ) can also be written as 



1 



t$& + V < 3*- 1 -5 2 + -a 2 
3 3 - V3 3 



1 



(127) 



the equality taking place for 5 = 0. From Eqs. ( |l22j ) and ( |125|) it results that 

.i\ . ■.»' -'i. ,ii (128) 



\au 



< 3 z / 2 |a||u|'. 



It can also be shown that 



1 

— \u\ ' 



(129) 



the equality taking place for a 2 = 5 2 , or xy + xz + yz = 0. 

A power series of the tricomplex variable u is a series of the form 



a + a\u + a 2 -u 2 H h mu 1 H . 



Since 



1=0 



< 



E3 V2 I 



ai\\u\ l , 



1=0 



a sufficient condition for the absolute convergence of this series is that 

v^lamlM ^ 
lim : — : < 1. 

7WOO 

Thus the series is absolutely convergent for 



\u\ < c , 



where 



\ a i\ 



Co = , Hm Fix 

i^°o V3|a/ + i| 



(130) 



(131) 



(132) 



(133) 



(134) 



The convergence of the series ( |130| ) can be also studied with the aid of a transformation 
which explicits the transverse and longitudinal parts of the variable u and of the constants 



x + hy + kz = v\e\ + V\e\ + v + e + , 



(135) 
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where 

vi = , vi = —(y - z), v+ = x + y + z, (136) 

and 

2-h-k h-k 1 + h + k . . 

ei = —3—, ei = - r , e + = — ^— . (137) 

The variables vi,vi,v+ will be called the tricomplex canonical variables, and ei,e*i,e+ will 
be called the tricomplex canonical base. In the geometric representation of Fig. 6, ei,e\ are 
situated in the plane II, and e+ is lying on the trisector line (t). It can be checked that 

ef = ex, e\ = —ex, exex = ex, eie + = 0, e~\e + = 0, e\ = e+. (138) 

The moduli of the bases in Eq. ( |13Sj ) are 

[2 , , [2 . . fl , s 

|ei| = y 3, |ei| = y -, \e + \ = y -, (139) 

and it can be checked that 

2 1 

+ + = + -v% . (140) 

If n = u'w", the transverse and longitudinal components are related by 

v\ = v 1 v 1 - v 1 v 1 , vx = v l v 1 + v l v 1 , V + = V + V + , (141) 

which show that, upon multiplication, the transverse components obey the same rules as the 
real and imaginary components of usual, two-dimensional complex numbers, and the rule for 
the longitudinal component is that of the regular multiplication of numbers. 
If the constants in Eq. ( 130[ ) are a\ = pi + hqi + kr\ , and 



2pi-qi-n _ ^3 
ail = 5 ' a n = - 2 _ W-n), a t+ = pi + qt + ri, (142) 



where po = l,qo = 0, ro = 0, the series ( |130|) can be written as 

00 

^ \ai X ex + %ei)(viei +%ei)' + e + a l+ v l + . (143) 



The series in Eq. (|143|) is absolutely convergent for 



\v+\ <c + , (vl+vl) 1 ' 2 <cx, (144) 
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where 



c+ = Hm J^±l Cl = lim (°?i + a ?i) 1/2 (145) 

l-*-tx> \ a l+l,u\ ( „2 j_„2 \ ' 



1+1,1 + a l+l,2 

The relations ( |144| ) and ( |140| ) show that the region of convergence of the series (130) is a 
cylinder of radius ci-^/2/3 and height 2c+/y/3, having the trisector line (t) as axis and the 
origin as center, which can be called cylinder of convergence, as shown in Fig. 7. 

It can be shown that c\ = (l/y/3) min(c+,ci), where min designates the smallest of the 
numbers c+,ci. Using the expression of \u\ in Eq. ( |138| ), it can be seen that the spherical 
region of convergence defined in Eqs. ( |133[ ), ( |134j ) is a subset of the cylindrical region of 
convergence defined in Eqs. Q144|) and (|145|). 



8 Analytic functions of tricomplex variables 

The derivative of a function f(u) of the tricomplex variables u is defined as a function f'{u) 
having the property that 

|/(u) - /(n ) - f'(u )(u - u )\ -> as \u - u \ -» 0. (146) 

If the difference u — uq is not parallel to one of the nodal hypersurfaces, the definition in Eq. 



(146) can also be written as 



t't \ T f( u )-f( u 0) 

f (tt ) = hm . (147) 

The derivative of the function f(u) = u m , with m an integer, is f'(u) = mu™ 1-1 , as can be 
seen by developing u m = [uq + (u — uq)]" 1 as 

m | 

uTU = E M *ff~ P (" " ^) P , (148) 



and using the definition (|146 ). 



If the function f'(u) defined in Eq. (|146|) is independent of the direction in space along 
which u is approaching uq, the function f{u) is said to be analytic, analogously to the case 
of functions of regular complex variables. @ The function u m , with m an integer, of the 
tricomplex variable u is analytic, because the difference u m — u™ is always proportional to 
u — uq, as can be seen from Eq. ( |148| ) . Then series of integer powers of u will also be analytic 

23 



functions of the tricomplex variable u, and this result holds in fact for any commutative 
algebra. 

If an analytic function is defined by a series around a certain point, for example u = 0, 

as 

oo 

f(u) = ]T a k u k , (149) 
an expansion of f(u) around a different point a, 

oo 

f{u) = Y J Ck(u-a)\ (150) 
k=0 

can be obtained by substituting in Eq. ( |149| ) the expression of u k according to Eq. (|148| ). 
Assuming that the series are absolutely convergent so that the order of the terms can be 
modified and ordering the terms in the resulting expression according to the increasing powers 
of u — a yields 

00 (k-\-lV 

f( u ) = E -rur 1 ^ 1 ^ - *)*■ ( 151 ) 

k,l=0 



Since the derivative of order k at u = a of the function f(u) , Eq. ( 149 ), is 

+ 
l\ 



^'(^E^rw 1 , (152) 



1=0 



the expansion of f(u) around u = a, Eq. ( 151 ), becomes 



oo 

f( U ) = E^f {k) (a)(u-a) k , (153) 



fc=o K - 



which has the same form as the series expansion of the usual 2-dimensional complex functions. 
The relation ( |153| ) shows that the coefficients in the series expansion, Eq. ( |150| ), are 



Ck = h. fik){a) - (154) 
The rules for obtaining the derivatives and the integrals of the basic functions can be ob- 
tained from the series of definitions and, as long as these series expansions have the same form 
as the corresponding series for the 2-dimensional complex functions, the rules of derivation 
and integration remain unchanged. 

If the tricomplex function f(u) of the tricomplex variable u is written in terms of the real 
functions F(x, y, z), G(x, y, z), H(x, y, z) of real variables x, y, z as 

f(u) = F(x, y, z) + hG{x, y, z) + kH(x, y, z), (155) 
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then relations of equality exist between partial derivatives of the functions F, G, H. These 
relations can be obtained by writing the derivative of the function / as 
1 



Ax + hAy + kAz 



dF OF dF , (dG dG dG 
-ttAx + -K-Ay + — Az + h jtAx + -K~Ay + -^-Az 

ox dy az \ ox ay dz 



, (dH A d H dH 
-k —Ax + —Ay + — Az 

V ox oy oz 



(156) 



where the difference appearing in Eq. (98) is u—uq = Ax+hAy+kAz. The relations between 
the partials derivatives of the functions F, G, H are obtained by setting successively in Eq. 
fll56D Ax -> 0, Ay = 0, Az = 0; then Ax = 0, Ay -> 0, Az = 0; and Ax = 0, Ay = 0, Az -> 0. 
The relations are 

f)n AIT PlU f)T7 

(157) 
(158) 
(159) 



dF 


dG 


dG 


dH 


dH 


dF 


dx 


dy ' 


dx 


dy ' 


dx 


dy 


dF 


dH 


dG 


dF 


dH 


dG 


dx 


dz ' 


dx 


dz ' 


dx 


dz 


dG 


dH 


dH 


dF 


dF 


dG 


dy 


dz 


dy 


dz ' 


dy 


dz 



The relations ( 157[ )-( ^59[ ) are analogous to the Riemann relations for the real and imagi- 
nary components of a complex function. It can be shown from Eqs. ( |157| )-( |l5"9| ) that the 
components F solutions of the equations 

(160) 
(161) 
(162) 



d 2 F 


d 2 F 




d 2 F 


d 2 F 




d 2 F 


d 2 F 


dx 2 


dydz 


= o, 


dy 2 


dxdz 


= o, 


dz 2 


dxdy 


d 2 G 


d 2 G 




d 2 G 


d 2 G 




d 2 G 


&2G -o 


dx 2 


dydz 


= 0, 


dy 2 


dxdz 


= o, 


dz 2 


dxdy 


d 2 H 


d 2 H 




d 2 H 


d 2 H 




d 2 H 




dx 2 


dydz 


= 0, 


dy 2 


dxdz 


= 0, 


dz 2 


dxdy 



It can also be shown that the differences F — G,F — H,G — H are solutions of the equation 
of Laplace, 

A(F-G) = 0, A(F-H) = 0, A(G - H) = 0, A = ^ + ^ + ^ (163) 

If a geometric transformation is considered in which to a point u is associated the point 
f(u), it can be shown that the tricomplex function f(u) transforms a straight line parallel to 
the trisector line (t) in a straight line parallel to (t), and transforms a plane parallel to the 
nodal plane IT in a plane parallel to IT. A transformation generated by a tricomplex function 
f(u) does not conserve in general the angle of intersecting lines. 
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9 Integrals of tricomplex functions 

The singularities of tricomplex functions arise from terms of the form l/(u — a) m , with m > 0. 
Functions containing such terms are singular not only at u = a, but also at all points of a 
plane (II a ) through the point a and parallel to the nodal plane II and at all points of a 
straight line (t a ) passing through a and parallel to the trisector line (t). 

The integral of a tricomplex function between two points A, B along a path situated in 
a region free of singularities is independent of path, which means that the integral of an 
analytic function along a loop situated in a region free from singularities is zero, 

f(u)du = 0, (164) 

r 

where it is supposed that a surface S spanning the closed loop V is not intersected by any 
of the planes and is not threaded by any of the lines associated with the singularities of the 
function f(u). Using the expression, Eq. (|155| ) for f(u) and the fact that du = dx+hdy+kdz, 
the explicit form of the integral in Eq. (|164j ) is 



<j> f{u)du = <j>[Fdx + Hdy + Gdz + h(Gdx + Fdy + Hdz) + k(Hdx + Gdy + Fdz)].(l65) 

If the functions F, G, H are regular on a surface S spanning the loop T, the integral along 

the loop r can be transformed with the aid of the theorem of Stokes in an integral over the 

surface S of terms of the form dH/dx — dF/dy, dG/dx — dF/dz, dG/dy — dH/dz, . . . which 

are equal to zero by Eqs. (|157| )-( |l59|) , and this proves Eq. ( |164|) . 

If there are singularities on the surface S, the integral § f(u)du is not necessarily equal 

to zero. If f(u) = l/(u — a) and the loop T a is situated in the half-space above the plane 

(n o ) and encircles once the line (t a ), then 

du 2-7T , , , . 

— (h-k). (166) 



Tv a u-a ^3 

This is due to the fact that the integral of \/{u — a) along the loop r a is equal to the integral 
of l/(u — a) along a circle (C a ) with the center on the line (t a ) and perpendicular to this 
line, as shown in Fig. 8. 

/ — = / — , (167) 
JT a u - a J Ca u-a 
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this being a corrolary of Eq. ( |164| ). The integral on the right-hand side of Eq. ( |167| ) can be 
evaluated with the aid of the trigonometric form Eq. ( pCf ) of the tricomplex quantity u — a, 
so that 

du h — k , 

= — =-cto, 168) 

u-a V3 

which by integration over d(p from to 2tt yields Eq. ( |166| ). 

The integral f Fa du(u — a) m , with m an integer number not equal to -1, is equal to zero, 
because / du(u — a) m = (u — a) m+l / (m + 1), and (u — a) m+1 / (m + 1) is singlevalued, 

du(u — a) m = 0, for m integer, m ^ —1. (169) 

If f(u) is an analytic tricomplex function which can be expanded in a series as written in 
Eq. ( |150| ), and the expansion holds on the curve T and on a surface spanning T, then from 
Eqs. (|168|) and fll69D it follows that 



f(u)du 2ir ,,,.„, . . . 

J -±J—= (h-k)f(a). 170 
lr u-a V3 

Substituting in the right-hand side of Eq. (|170| ) the expression of f(u) in terms of the real 

components F, G, H, Eq. ( |155|) , at u = a, yields 

f/(u)^ = 2j G + 
Jr u - a V 3 

Since the sum of the real components in the paranthesis from the right-hand side of Eq. 
(171) is equal to zero, this equation determines only the differences between the components 



F, G, H. If f(u) can be expanded as written in Eq. ( |150| ) on T and on a surface spanning T, 
then from Eqs. (|166j) and (|169|) it also results that 



f{u)du _ 2vr L ;w(m) 



, . , (h-k)fW(a), (172) 

where the fact that has been used that the derivative f( m \a) of order m of f(u) at u = a is 



related to the expansion coefficient in Eq. ( |150| ) according to Eq. ( 154 ). The relation (|l72j) 
can also be obtained by successive derivations of Eq. ( |170[) . 

If a function f(u) is expanded in positive and negative powers of u — Uj, where Uj are 
fourcomplex constants, j being an index, the integral of / on a closed loop T is determined 
by the terms in the expansion of / which are of the form aj/(u — Uj), 

/(„) = . + + (173) 
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In Eq. ( |173| ), Uj is the pole and a,j is the residue relative to the pole Uj. Then the integral 
of / on a closed loop T is 

j>^f(u)du = -y=(h- k)22 int(ujn,r n )aj, (174) 

where the functional int(M, C), defined for a point M and a closed curve C in a two- 
dimensional plane, is given by 

!1 if M is an interior point of C, 
(175) 
if M is exterior to C 

and UjYi,Tu are the projections of the point Uj and of the curve T on the nodal plane II, as 

shown in Fig. 9. 



10 Factorization of tricomplex polynomials 

A polynomial of degree m of the tricomplex variable u = x + hy + kz has the form 

P m {u) = u m + am™' 1 + ■■■ + a m - lU + am, (176) 

where the constants are in general tricomplex numbers, ai = pi + hqi + kri, I = 1, • • • , m. In 
order to write the polynomial P m (u) as a product of factors, the variable u and the constants 
ai will be written in the form which explicits the transverse and longitudinal components, 

m m 

P m (u) = 5^(a n ei + ajxeiXwiei + V!^)'" 1 ' 1 + e+ ]T a; + <"', (177) 
z=o z=o 



where the constants have been defined previously in Eq. (142). Due to the properties in 



Eq. ( |13§| ), the transverse part of the polynomial P m (u) can be written as a product of linear 
factors of the form 



in 



Y^{ana\ + aiiei){v\ei + viei) m 1 = JJ[(vi - v lx )ei + (vt - u/i)ei], (178) 
;=o 1=1 



where the quantities Uji, Uji are real numbers. The longitudinal part of P m (u), Eq. (177), can 



be written as a product of linear or quadratic factors with real coefficients, or as a product 
of linear factors which, if imaginary, appear always in complex conjugate pairs. Using the 
latter form for the simplicity of notations, the longitudinal part can be written as 

m m 

(179) 

;=o 1=1 
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where the quantities vi+ appear always in complex conjugate pairs. Due to the orthogonality 
of the transverse and longitudinal components, Eq. ( |138j ), the polynomial P m (u) can be 
written as a product of factors of the form 

m 

P m (u) = Y[[(vi - vn)ei + (vi - vn)ei + (v+ - v t+ )e + ]. (180) 
1=1 



These relations can be written with the aid of Eqs. ( |135| ) as 

m 

P m (u) = l[(u-u l ), (181) 

l=i 

where 

ui = vnei + v n ei + vi + e + . (182) 



The roots vi + and the roots V\\e\ +^1^1 defined in Eq. (|178| ) may be ordered arbitrarily. This 
means that Eq. ( |182| ) gives sets of m roots u±, u m of the polynomial P m (u), corresponding 
to the various ways in which the roots vi + ,vne\ + v\\e\ are ordered according to I in each 
group. Thus, while the tricomplex components in Eq. ( [177D taken separately have unique 
factorizations, the polynomial P-mil) can be written in many different ways as a product of 
linear factors. 

If P(u) = v? — 1, the degree is m = 2, the coefficients of the polynomial are a\ = 0, (12 = 
— 1, the coefficients defined in Eq. ( |142|) are 021 = — l,a22 = 0, am = — 1- The expression of 
P(u), Eq. fllTf), is (e 1 v 1 +e 1 v 1 ) 2 -e 1 + e + (vj-l). The factorizations in Eqs. (|l78l) and (|l79|) 
are (e^i + eivi) 2 -e% = [e\{v\ + 1) + eivi}[e\(vi - 1) + e-iVx] and v\ - 1 = (v + + l)(v+ - 1). 
The factorization of P(u), Eq. (|181|), is P{u) = {u — u\){u — U2), where according to Eq. 



( 182 ) the roots are u\ = ±e\ ± e+, U2 = —v\. If e\ and e + are expressed with the aid of Eq. 



(137) in terms of h and k, the factorizations of P(u) are obtained as 

u 2 - 1 = (u + l)(u - 1), (183) 



or as 

2 / l-2h-2k\ ( l-2h-2k\ 
u 2 -l=(u + J [u ). (LSI) 

It can be checked that (±ei ± e + ) 2 = e\ + e + = 1. 
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11 Representation of tricomplex complex numbers 
by irreducible matrices 



If the matrix in Eq. (|34| ) representing the tricomplex number u is called U, and 



-i — ^ 



1 

Ve 



(185) 



V \/3 \/3 v/3 / 

which is the matrix appearing in Eq. (|i~7|), it can be checked that 



TUT' 1 



( 



\ 



V3 
2 



o 



x 



y+z 

2 









(186) 



x + y + z J 

The relations for the variables x — (y + z)/2, (\/3/2)(y — z) and x + y + z for the multiplication 
of tricomplex numbers have been written in Eqs. (]26|), ( [28] ) and (^). The matrices TUT -1 
provide an irreducible representation || of the tricomplex numbers u = x + hy + fcz, in terms 
of matrices with real coefficients. 



12 Conclusions 

The operations of addition and multiplication of the tricomplex numbers introduced in this 
work have a simple geometric interpretation based on the amplitude p, polar angle 9 and 
azimuthal angle 4>. An exponential form exists for the tricomplex numbers, and a trigono- 
metric form exists involving the variables p, 9 and <ft. The tricomplex functions defined by 
series of powers are analytic, and the partial derivatives of the components of the tricomplex 
functions are closely related. The integrals of tricomplex functions are independent of path 
in regions where the functions are regular. The fact that the exponential form of the tri- 
complex numbers depends on the cyclic variable 4> leads to the concept of pole and residue 
for integrals on closed paths. The polynomials of tricomplex variables can be written as 
products of linear or quadratic factors. 
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FIGURE CAPTIONS 



Fig. 1. Nodal plane II, of equation x + y + z = 0, and trisector line (i), of equation 
x = y = z, both passing through the origin O of the rectangular axes x,y,z. 

Fig. 2. Tricomplex variables s, d, 8, (ft for the tricomplex number x + hy + kz, represented 
by the point P(x, y, z). The azimuthal angle (ft is shown in in the plane parallel to II, passing 
through P, which intersects the trisector line (t) at Q and the axes of coordinates x, y, z at 
the points A,B,C. The orthogonal axes ^15^25^3 have the origin at Q. 

Fig. 3. Invariant circle for the multiplication of tricomplex numbers, lying in a plane 
perpendicular to the trisector line and passing through the points (1,0,0), (0,1,0) and (0,0,1). 
The center of the circle is at the point (1/3, 1/3, 1/3), and its radius is y/2/3. 

Fig. 4. Surfaces of constant p, which are surfaces of rotation having the trisector line (t) 
as axis. 

Fig. 5. Graphs of the cosexponential functions cx, mx, px. 

Fig. 6. Unit vectors e\,ei,e + of the orthogonal system of coordinates with origin at Q. 
The plane parallel to II passing through P intersects the trisector line (t) at Q and the axes 
of coordinates x, y, z at the points A, B, C. 

Fig. 7. Cylinder of convergence of tricomplex series, of radius c\ \/2/3 and height 2c + / y/3, 
having the axis parallel to the trisector line. 

Fig. 8. The integral of l/(u — a) along the loop T a is equal to the integral of — a) 
along a circle (C ) with the center on the line (t a ) and perpendicular to this line. 
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Fig. 9. Integration path T, pole Uj and their projections Tji,Uju on the nodal plane II. 
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Fig. 3 
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